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Abstract 

We calculate gauge invariant observables for Schnabl's solution with analytic method 
and with the level truncation approximation. We also compute them for the numerical 
solution initially obtained by Sen and Zwiebach in the level truncation approximation 
to compare with the one for Schnabl's solution. The results are consistent with the 
expectation that they may be gauge equivalent. We briefly discuss the gauge invariant 
observables and the action for a marginal solution with a nonsingular current. 



1 Introduction 



After the advent of the paper [T] , tachyon condensation has been studied in Witten's bosonic 
open string field theory. They used the level truncation approximation [2] to obtain a classical 
solution numerically and obtained its vacuum energy giving 99% of the D-brane tension. The 
approximation have been improved soon later to the higher level [31 H] • 

More recently, Schnabl has discovered an analytic classical solution in the open string 
field theory. The analytic solution also describes tachyon condensation, because its vacuum 
energy is exactly equal to the D25-brane tension [SI El E]> and the BRST cohomology around 
it is trivial [8], which implies that there are no physical degrees of freedom of open strings 
perturbatively, as conjectured by Sen [91 [TUl [TTj . 

We thus have two classical solutions of the open string field theory; the numerical one and 
the analytical one. Therefore, it seems natural to ask the relation between them. Since they 
give the same vacuum energy equal to the D-brane tension, one likely suspects that they may 
be gauge equivalent solutions. In order to confirm the expectation, one needs gauge invariant 
observables to compare their values for these two solutions. 

Zwiebach introduced the couplings of a single on-shell closed string state with open string 
field into the open string field theory in a gauge invariant fashion [12]. In fact, it has been 
shown [131 E! that the couplings exactly give the disk amplitudes with two closed strings and 
the ones with one closed string and two open strings. They have also been used to discuss the 
closed string degrees of freedom in vacuum string field theory [IS] . The gauge invariance of the 
coupling with the closed string tachyon was reassured [TB] in terms of the oscillator formalism. 
Hashimoto and Itzhaki also emphasized that they are also gauge invariant observables [16J. 

In this paper, the gauge invariant observables will be called gauge invariant overlaps to 
distinguish with general gauge invariant observables. 

In this paper, we will calculate the gauge invariant overlaps for Schnabl's solution ty\ with 
the parameter A analytically in the sliver frame and numerically with the level truncation. 
The results on the vacuum energy of the solution imply that only the solution with A = 1 
cannot be gauged away and is thus physically non-trivial, while the rest is all trivial. The 
analytical results on the gauge invariant overlaps for the solution ^>x are consistent with the 
ones of the vacuum energy. There however exist subtleties in the evaluation, and thus we will 
confirm the results numerically in the level truncation approximation, as done for the vacuum 
energy in [SI [T7] 

We will also compute the gauge invariant overlaps for the numerical solution \&n in [TJ [31 H] 
with the level truncation to compare with the results for Schnabl's solution with A = 1, 
and we will show that the comparison is consistent with the expectation that they are gauge 
equivalent. 

Furthermore, we will briefly report our results on the gauge invariant overlaps for a marginal 
solution with a nonsingular current idX + in [TB"1 [T9] and that it vanishes as an evaluation of 
the action. 



1 



This paper is organized as follows. In the next section, we will give a brief review on the 
gauge invariant overlaps of the on-shell closed string states and make a few comments on the 
relation to the open-closed string vertex. In §|3l we will evaluate the gauge invariant overlaps 
for Schnabl's solution both analytically and numerically. In §H we will give the results 
for the numerical solution \P]y. In we will discuss the gauge invariant for the marginal 
solution analytically. In §21 we give summary and discussions on our results. In appendices, 
we will explicitly give a few examples of the gauge invariant overlaps and the Shapiro-Thorn's 
open-closed string vertex, and will explain technical details on our computations. 



2 Gauge Invariant Overlaps 

In Witten's bosonic open string field theory, the action is given by 

sm = -^(1(%qb*) + 1{% (2.1) 

which is left invariant under the gauge transformation 

S A q = Q B A +^*A-A*^ (2.2) 

with a gauge 'parameter' A. It was discussed in [TJl dSl EES] that 

2z 

o v m = (v(i)hm), h(z) = - — 2 . (2.3) 

1 — z z 

is gauge invariant under (12.21) . where the CFT correlator is defined on the upper half plane, 
and will be called a gauge invariant overlap in this paper. The operator V(i) is inserted at 
the midpoint of the string field ^ and is a primary field of conformal dimension (0, 0) and the 
ghost number two. The holomorphic function fj(z) maps the unit half disk to the upper half 
plane. Since the identity state (X| may be defined by (X|0) = (fi[(f>(0)]) , one may rewrite the 
gauge invariant overlap £V(\&) as 

O v (V) = (I\V(i)\V) = ($ V ,V) , (2-4) 

with the definition 

|*v) = V(i)\I). (2.5) 

A few examples of |3>y) in terms of the oscillators are explicitly given in appendix El Because 
V(i) is inserted at the midpoint of the identity state |X), one can see that (<Ev,\l/ * A) = 
A * or in other words, 

O v (ty* A) = CV(A*#), (2.6) 

at least naively. Therefore, by requiring $y to satisfy that Qb\&v) — 0, one can finds that 
Ov(S\^) = 0. One thus obtains the gauge invariant observables CV(\I/). In particular, note 
that it vanishes for pure gauge solutions 

O v (e- A Q B e A ) = [ dt O v {e~ tK * Q B A * e tA ) = O v (Q B A) = -<Q B $v, A) = . (2.7) 
Jo 
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Incidentally, it could be helpful to rewrite the gauge invariant overlap Oy{^) by using 
open-closed string vertex, which maps states in the closed string Hilbert space to the ones in 
the open string one. Let us consider the Shapiro-Thorn vertex (^y (l c , 2) | given in [20], which 
is defined with the conformal maps hi{w) = —i(w — l)/(w + 1) and h^iw) — (w — l/w)/2 by 
the CFT correlator on the upper half plane as 



where \4> c )i c = 0c(O,O)|O)i c is in the closed string Hilbert space and |^) 2 = ^(0)|0) 2 is in the 
open string one. These conformal maps are depicted in Figure [TJ and [2J (See, appendix [B] for 
detail.) 



Figure 1: The conformal map hi in the definition of the Shapiro-Thorn vertex. The map hi 
transforms a unit disc to the upper half plane. The center at the origin, the insertion point of 
a closed string is mapped to i. 




Figure 2: The conformal map hi in the definition of the Shapiro-Thorn vertex. The map hi 
transforms a unit half disc to the upper half plane. The open string midpoint i is also mapped 
to i. The left half and the right half of the open string are identified on the mapped plane. 

Since hi(0) = i and h 2 (w) = I o fj{w), where I(z) = — 1/z is the inversion map, one 



<7(lc,2)|&) lc |V>2 = <M0c(O,O)]/i 2 hHO)]>, 



(2.8) 



e 
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obtains 



(7(l c ,2)|K)iJ^) 2 = (MK(o,o)]/^(o)]> = (J 0/1^(0,0)] /*[#))]) 

= (V c {i,-i)hM0)]) (2-9) 

for a primary field V^(2, z) of conformal dimension (0, 0) and the ghost number two. By 
identifying V(i) in (12. 3p with V c (i, —i), one finds that 

CV(tt) = (7(l c ,2)|K)iJ*) 2 . (2.10) 

It means that \® v ) in 02.51) can be given by \V C ) = V c (0, 0) ]0> : 

|$ y ) 3 = V(i)\l) 3 = (t(1 c ,2)|K>i c |^(2,3)) , (2.11) 

where |i?(2,3)) is the reflector and can be used to define the BPZ conjugation. Using the 
BRST invariance of the string vertices (7(l c ,2)| and |i?(2,3)) 

<7(1„ 2)|(Q^ 1) + QSJ } + Q<?>) = , (Qg> + Q%>)\R{2, 3)) = , (2.12) 

one can show that (Qb+Qb)\V c ) = means Qb\®v)=0- The other condition (12.61) . required for 
the gauge invariance of the overlaps, can be proven by the generalized gluing and re-smoothing 
theorem (IB. 31) . Therefore, if a primary field V c (z, z) of conformal dimension (0, 0) and the ghost 
number two is BRST invariant, it yields a gauge invariant overlap by (7(l c ,2)| via (I2.10p . 
Therefore, it may be natural to call \$v) an on-shell closed string state in the open string 
Hilbert space. In particular, when V c (z, z) can be put in the form V c (z, z) = c(z)c(z)V m (z, z), 
where V m (z,z) is in the matter sector, the BRST invariance is guaranteed, if V m (z,z) is a 
primary field of conformal dimension (1,1). 

For later convenience, it is useful to understand that on-shell closed string states are left 
invariant by the transformation generated by K n = L n — (— l) n L_ n , where L n is the total 
Virasoro operator with the central charge zero. In fact, the requirement that V c (z,z) be a 
primary field of dimension (0, 0), <3V means that 

Ji n |$ y ) = 0, (n = 1,2,3,.-.). (2.13) 

Because K n is odd under the BPZ conjugation, the K n invariance (12.131) of on-shell closed 
string states means that CV(\I/) is invariant under the transformation \1/ — > e^ nVnKn ^> on an 
open string field 

O v (e^ VnKn ^f) = O v (V) (2.14) 

for any constants v n . It may be regarded as a part of the gauge symmetry [2lT [22] . Moreover, 
if we take a form V c (z,z) = c(z)c(z)V m (z,z), where V m (z,z) is a primary field of conformal 
dimension (1,1), satisfies 

kS-i\®v) = , (KS ~ 3(-l) m m)|$ y ) = , (m = 1, 2, 3, • • • ) (2.15) 
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where Kn = — (— l) n L^ for the matter Virasoro operator Ln and also 

^£lil^) = 0, (K£ ) + 3(-l) m m)\* v ) = 0, (m = l,2,3,---), (2.16) 

where = L,\ gh ^ — (— l) n L^ for the ghost Virasoro operator Ln. The above relations 

f)2.13p . (12.151) and (12.161) can be derived from more general relations given in flB.351) and (1B.36|) . 

In this paper, we will restrict ourselves to consider on-shell closed string states of the form 

|$v> = 52C mn c({)V m (i)c(-i)V n {-i)\Z), (2.17) 

m,n 

where ( mn is the polarization constant with V m (z) a matter primary field on the doubling of 
the upper half plane. 



3 Gauge Invariant Overlaps for Schnabl's Solution 

Let us begin with a brief review on the analytic solution ty\ discovered by Schnabl in [5]. 
Schnabl has found the sliver frame very useful to obtain the solution. In the frame, a primary 
field <j)(z) of conformal dimension h is related by the conformal transformation z = arctanz to 
the usual one <j)(z) on the canonical upper half plane as (p(z) = (1 + z 2 ) h (f)(z). The field (j)(z) 
is expanded in terms of the oscillators (p n as (p(z) = ^2 n 4>nZ~ n ~ h - In this paper, the tilde ~ 
refers to the sliver frame, as in [5]. In particular, the operators C = C + £j, B = B + B\ will 
be often used in this paper, where Cq = L and Bo = bo are zero modes of the total energy 
momentum tensor and 6-ghost field, respectively. 

Making use of the oscillators, Schnabl gave one parameter of solutions 

*a = £ £ ^^ttWi(a)^c_ p |o) 

n=0 p> — l,p:odd 

°° ^ ( _\\n+q p+q a ^ 

+£ £ „, 2 ; + 2 N+ 3 W 2 w^io) , (3-i) 

n=0 p,q> — l,p+q:odd 

parametrized by A, where the function / n (A) is defined by 

/n(A) = { -nALi!_ n (A) - 5 nt iX (3 ' 2) 

with the Bernoulli number B n and the polylogarithmic function Li n (z). The functions / n (A) 
can also be organized in the generating function 

n=0 
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In order to put the solution (13. 1 p in a somewhat simpler form, it is useful to introduce 
string fields 



2 - 

Wr = -U r+ 2 



7T 



1 ~ ,7T7\ . nr. 1 , . irr. „,nr.. 
.- B c(_)c(- T ) + -(c(- T ) + c( T )) 



|0> (3.4) 



^ ( 1 \n_p ^ / -\\n+q—p+q 



">0;p>-l ">0;p,<j>-l 
p:odd p+g:odd 



where 



E/" r = C/J?7 r = e-^ £ (3.5) 

with U r = (2/r) Co . They can be used to give a wedge state (r\ = (0\U r = (0\U r , which is a 
surface state defined by the conformal map f r (z) = tan ((2/r) arctanz). Using the generating 
function (13.31) and the string fields ij} r , one can see that the solution is given by 

^ = J^^o = f:^d^o. (3.6) 

fc=0 

Upon expanding the right hand side of (13. 6p in terms of the derivative d r , one can see 
that it starts with 1 for A = 1, otherwise it starts with A/(A — l)d r . Therefore, for A ^ 1, by 
expanding (13. 6p formally in terms of A, one finds that 

oo oo 

*a^i = -A^A n e^a r ^| r=0 = -^A n+1 ^ r | r=n , (3.7) 

n=0 n=0 

which certainly starts with the first derivative d r . It was in this form (13. 7p that the solution 
was shown in [5] to satisfy the equation of motion order by order in A. 

For A = 1, exploiting the Euler-Maclaurin formula, Schnabl has discussed that the solution 
has the expansion 



N 

^A=l = hm [ *pN+l ~ y^<9rVvlr=n ) . (3. 

n=0 



The first term lmijv^oo ipN+i is called the phantom term and gives finite contributions to the 
classical action [5] for the solution. The solution wouldn't satisfy the equation of motion 
{^\=i, (<5b^a=i + ^a=i * ^a=i)) = in the 'strong' sense without the phantom term 0, [7J. 

In the next two subsections, we will evaluate the gauge invariant overlap (12 .4p for the 
solution ty\ in two ways; analytically in the sliver frame and numerically with the conventional 
level truncation. 
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3.1 Analytic Evaluation in the Sliver Frame 

Let us first evaluate the gauge invariant overlap Oyi^x) analytically in the sliver frame. Since 
one can verify that 

U\ = bpzCUfc) = UJ ) ioI , <f>{z)U\ = Ul(I o f x o I o (3.9) 

/iW = A, '(*) = --, (3-10) 
1 — z z z 

by using them, one finds that 

f>rV(e ie )f>i = (cos(zt + ^)) 2ft 0(it) , e ie = tan(it + |) , (3.11) 

for a primary field of conformal dimension h. 

Using ( 13. lip , one can rewrite the on-shell closed string state ( 12.17ft as 

$ y = ^Cmn^i5(«oo)V r m (zoo)£(-zoo)V;(-zoo)|0) (3.12) 



1 1 L.I I 



with the operators in the sliver frame, and one may regularize it by replacing ±200 by ±iM 
in the arguments of the fields as 

®v,m = ^Cmn^c(iM)y m (zM)c(-zM)V;(-iM)|0), (3.13) 

to make well-defined our calculation of the gauge invariant overlap ( 12.41) . 

In order to estimate the gauge invariant overlap (12.41) for the analytic solution es- 
sentially one needs to calculate the inner product (<3V,m,?/v)- However, instead of it, since 
($v",m, i>r) = (Z\&v,m * i>r) = (£\i>r * $v,m) , one may compute (Z|$y,M * ipr) or (l\ip r * $v,m)- 

The sliver frame facilitates the calculation of the star products of string fields, and in 
particular, one finds [5] that 

U r <j>i(xi)- ■ -(f) n (x n )\0) * Usipiijji)- ■ ■^m(y m )\0) = U r+S 

—101 (^l) ' ' '0n 

(3.14) 

Note that the coordinates on the right hand side are shifted as x\ = Xi + |(s — l),y'j = 
yj — |(r — 1). Since the operators 

B« = / ^b(z), B} = / ^-Uz) (3.15) 

act on the right and the left half-string, they satisfy 

(Bftti) * * 2 = * (Sf* 2 ) , (3.16) 

B{ (^1 * * 2 ) = * * 2 , £? (^1**2) = (Sf* 2 ) ■ (3.17) 



Therefore, using the above formulae (13.161) . (I3.17P and noting that 



Bf = l-B, - -B, B{ = \b x + -B, (3.18) 
one can verify the formulae 

(Btf i) * * 2 = * tf 2 ) + (-1)1*11^ * B&2 , (3.19) 

* {m 2 ) = (-l)^B(^ 1 * * 2 ) - (-l) 1 * 11 ^^) * ^ 2 , (3.20) 

where B\ = b-± — bi + Using them and the formula (13.141) . one finds that the star 
products $v,m * 4>r an d 4>r * ®vm are given by 



$v,m * A = ^ Yl CmnUr+2 (cV m (iM + j(r + l))cK(-iM + j{r + 1)) (c(-^ 



1 + c(T r > 

4 



+ (V m (iM +^(r + l))cV n {-iM + ^(r + 1)) (3.21) 

- cV m (iM + j(r + l))V n (-iM + j(r + l)))c(jr)c(~r) 

- -BcV m (iM + ^(r + l))cV n (-iM + £(r + l))£(£r)c(-£r) j |0), 
7r 4 4 4 4 / 



and 



A * ®v,m = 1^2 (cV m (iM - |(r + l))cK m (-iM - |(r + 1)) (c(-^r) + c(^r)) 



m,n 



(y m (iM - -(r + l))5V m (-iM - -(r + 1)) (3.22) 
W m {iM - j{r + \))V m {-iM - j{r + l)))g(£r)c(-£r) 

^BcV m {iM - j{r + l))cV m {-iM - ^(r + i))c{jr)c{~r)\ |0), 



respectively. 



Furthermore, substituting the above results into (Z|<Iv,M*Vv) and (Z|Vv*$v,Af) and using 
the relations 

(l\U r+2 = (0\U r+1 , (l\U r+2 B = -^(Q\U r+1 B , (3.23) 
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one finds that (I\§ v ,m * Vv) an d (^|?/v * ®v,m) S^ ve ^ ne same results 

($y )M , lfj r ) = (1\$ V ,M * A) = Wr * $V,m) 

— — 2. Cmn mat ' 7 ± 7r)^i( 7~T o" ) 0/mat 

27T ' r + 1 2 r + 1 2 



rn.n 



AiM , , / -2%M it, ,2%M 7i\\ , 7rr N , -7rr 



6c<0| c(— — ± -) + c(— — ± -) 5(7T7^t) 5 (7T7^t)|0)^ 



vr N 1 V v r + 1 2 7 V + l 2 7 v 2(r + 1)' v 2(r + 1 

, . . 2iM 7r w/ — 2iM 7T. / , — 7rr , „. 7rr A .„, 
+ bc(0\c(—- ± -)c(— - ± -) c(— — -) + c(— -— ) |0) 6c 



r + 1 2' r + 1 2' V 2(f + l) v 2(r+l 

C y / , 4M 4M 7T \ / , AM it \ / AM N 
sinn sin cosh cos 



2tx% \ r + 1 7r r + 1/ \ r + 1 r + 1 J \ r + 1 



sinh 



(3.24) 

where the factor Cy is given by 

Cy = mat (0 1 0) mat ^ ] Cmn v mn- (3.25) 



in. it 



The constants t> mn are the metric appearing in the OPE of the matter primary fields V m (z) of 
conformal dimension one as 

V m (y)V n (z) ~ Wm " - + finite. (2/ -+ z) (3.26) 
(2/ - z) 2 

By taking the limit M — * +00 in ( I3.24p . one obtains 

<$v, = , lim (QvmM = • (3.27) 

It is interesting to note that ?/v) is independent of r, and thus one can see that d r ($y, ip r ) = 
0. It in turn means that 

CV(*a) = £^^($ y ,^)| r=0 = /o (A)($ y ^ ) 

fc=0 

— (A = l), 

2™ (3.28) 
(A^l). 

Namely, the value can be nonzero only for A = 1. It seems that this nonzero value only comes 
from the inner product with the phantom term ipN+i, if one uses the expression given in (I3.8p . 
From this viewpoint, we should not take the limit N — > 00 first because the inner product 
vanishes for finite M in (13.241) ; limjv^oo {®v,m, i>N+i) = 0, which means that the order of the 
two limits isn't interchangeable 

lim ( lim {$ V , M , Vat+i) J ^ lim ( hm ($ V;M , <0jv+i) ) ■ (3.29) 

iV-»oo V M-»+oo / M-*+oo\N-*oo I 



The order on the left hand side is consistent with our evaluation with the expression (13. 6p to 
yield the result (13.281) . Rearranging the terms in the expression (13.81) . one obtains 



^A=l = ^0 + ^2 {lpn+1 - 4>n - d r ip r \ r=n ) , (3.30) 
n=0 

and there seems no problem with the ordering of the limits. 

Anyhow, it is obvious that there are subtleties with the regularization with the cutoff M 
and the order of the limits. In order to confirm our results in this subsection, we will evaluate 
the gauge invariant overlap numerically in the level truncation calculation. 

3.2 Numerical Evaluation with the Level Truncation 

In this section, the gauge invariant product for the solution ty\ will be calculated by the level 
truncation calculation to confirm our analytic results in the previous subsection, which is a 
similar strategy to the calculation for the vacuum energy for the solution [51 [T7] . 

As usual, we begin with expanding a string field \& in terms of the Fock space states as 

$ = t d |0) + u c_i |0) + v (a_i • a_i)ci |0) + w 6_ 2 c Ci |0) H , (3.31) 

where the dots ••• denote higher level terms than level 2. Substituting it into (12 .4p . one 
obtains the gauge invariant overlap CV(\I/) in term of the component fields t, u, v, ■ ■ ■ . 

For example, let us consider the on-shell closed string tachyon state (1A.1I) in the open 
string field theory on a Dp-brane in the flat 2 6- dimensional spacetime. For simplicity, we set 
the momentum of the string field along the Neumann directions to zero. Using the oscillator 
expression in appendix El the gauge invariant overlap for the tachyon state gives3 

O fc (*) = it-i u+ i u + .... (3.32) 

Similarly, the gauge invariant overlap for the on-shell closed string dilaton state can be calcu- 
lated by using the oscillator expression in appendix El 

In the level truncation calculation, one first takes the limit N — > oo in ( 13.81) . while keeping 
the level fixed. In this limit, as pointed out in [5], the phantom term in ( 13.81) can be neglected 
in the solution which thus allows one to treat ( 13.71) and ( 13. 8ft without any distinction as 

oo 

^A = -^A" +1 ^,| r=n - (3.33) 

n=0 

Expanding ip r in terms of the oscillators, as given in appendix [(J substituting them into the 
analytic solution one obtains the values of the component fields t,u,v, ■ ■ ■ . In fact, up to 

1 In order for the overlap (|2.3|) to be nonzero, one needs to consider open string field theory on a D-brane 
with at least one Dirichlet direction, due to the momentum conservation. 
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the level 2, one finds that 



u 



w 



5>" 

n=2 

oo 

£ A " 

n=2 

oo 

n=2 
oo 



71=2 



dn 

-id_ 
dn 

-i ^ 
<in 



sin 



7T 



7T 



72 



n / 27r 
- 1 + — sin 



2tt 



4 n 
sin 

nir ix 



4 



n 



3717T 37T 



sm 



7T 

sm" | — 

n 



3mr 



2n 
37 



n 2-k 
— sin — 
2tt V n 



n 2-k 
— sin — 
2vr U 



n" I 2n 
sin 



3tt 2 



n 



(3.34) 
(3.35) 
(3.36) 
(3.37) 



The series in A can be evaluated numerically for — 1 < A < 1 with arbitrary precision [51 [TT] , 
although it seems formidable to calculate them analytically. 

Evaluating the above infinite sums numerically and substituting them into (13.321) . one 
obtains the gauge invariant overlap for the analytic solution up to the level 2, which is plotted 
out on Figure 3. The resulting numerical value 0.149 ■ • • for A = 1 is about 94% of 1/27T and 
thus is very close to the analytical result (13.4=7)1 . as will be seen soon. 

0.2 



\ 0.1 h 



level 2 





-0.5 







0.5 



Figure 3: The gauge invariant overlap for the analytic solution evaluated by the level 2 trun- 
cation in the closed tachyon and dilaton cases. 



Let us further move on higher level calculations of the gauge invariant overlap up to the 
level 14. The analytic solution is given by the sum of the direct products of the matter Fock 
space and the ghost one, the former of which may be written in terms of the matter Virasoro 
operators acting on the SL(2, R) invariant vacuum |0). Furthermore, as discussed in 
appendix [Dl one can rewrite it in terms of the operators Kn acting on the vacuum |0), 
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instead of L^. Although the total operator K n = + annihilates the on-shell 

closed string states |$y), the states |$y) are the eigenstates of the matter part iQ . Since 
the ghost part of doesn't depend on which closed string state one chooses for |$y), the 
eigenvalues of the matter part K„ for the eigenstates |$y) are aJl the same and are given 
in (12.151) . This fact is interesting and indeed facilitates higher level calculations of the gauge 
invariant overlap up to the level 14. 

More precisely, let us suppose to take the level truncated solution up to the level L 



0<2/<L n=2 

where the additional suffix 21 on ip r denotes the level. The state ipr-2,21 is given by the products 
of the matter and ghost sectors as 

i 

= E^U®^-*- (3.39) 

3=0 

It follows from the discussion in appendix O that ip^_ 2 l anc ^ ^-2 l can ^ e reac ^ ^y taking the 
terms of the level L from 

\^™\) = ... e ^W i -" ) e U4 ( r)i - m ^ U2 ( r)i -" ) |0>mat, (3.40) 
IVS) = ..■e^^ ) e^W^ ) e ^W^(2/r) i * W |xr- a >*, (3-41) 

where U2k(r) and |xr-2) g h a re defined in flC.9j) . flC.101) and (1C.2I) . One can see from flC.131) 

that "0r-2 l an d ^-2,1 are zero f° r °dd L. 

Substituting (13. 39ft into the gauge invariant overlap with a closed string state $y, one 
obtains 

oo 

Ov{^X,L) = - Yl E^'^^WI^n, (3-42) 



0<2KL n=2 



with 



G2i(r) = E^I^U)^ !^ 6 "^" 1 ^!^-^- (3-43) 

3=0 

Note that the ghost matrix elements in G*2z( r ) don't depend on the closed string state $y, as 
mentioned above. To evaluate the matter matrix elements, the important point is that the 
state Vy-2 2j i s expressed only by using the matter Virasoro operators acting on the vacuum. 
From f)3.40p . one can see that 

= I0)mat + u 2 (r)L^\0) mat + u 4 (r)LL m 4 ) |0) mat + ^u 2 (r) 2 (L { ^) 2 \0) mat + ■■■. (3.44) 
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As discussed in detail in appendix [Dj one can give the Fock state L_ ni ■ ■ ■ L_ np |0) as a linear 
combination of the Fock states K, 
given in terms of them as 



1 13 / 

1 + 7^M r 



mi - K mr |0). Therefore, one finds that |"*/v-2,2j) can De 
1 |0) mat - n 2 (r)^ m) |0) mat - n 4 (r)^ m) |0) mat 



+ ^u 2 {r)\Kt ) ) 2 



|0> 



mat 



+ 



(3.45) 



Since ($^1 is an eigenstate of Kn as shown in (12.151) . one can immediately obtain the matter 
matrix elements in G2i(r) up to the normalization. The normalization factor is determined by 
( mn in the closed string state (12. 1 7[) and v mn in the OPE of V m (z) in (I3.26[) . 

Finally, we have only to evaluate the infinite series (13.421) numerically, and one finds that 



4 L) /«Si = l + 4/n + 0(l/n 2 ), 



(3.46) 



where = — J2o<2i<L 9 r G2i{r)\ r=n for L = 0, ■ • • ,14. Therefore, one can see that this 
series converges absolutely for —1 < A < 1. With our normalization m at(0| ( l ) y 1 ' ) ) = 1/4, the 
numerical results of CV^a.l) are depicted in Figures H] and [5j 



0.04 




Figure 4: Plots of O v (^\,l) for -1 < A < 0.5 at the levels L = 2, 4, 6, 8, 10, 12, 14 
This normalization is equivalent to Cy = i in (I3.28p . and thus the corresponding analytic 
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result yields 



1 



(A = l) 



(3.47) 



(— 1 < A < 1). 



From Figures 4 and 5, one can observe that the plots of Ov{^x,l) ( — 1 < A < 1) approach 
to the analytical result as the truncation level L increases. As seen in Figure |5l the resulting 
plots around A ~ 1 are getting close to the analytic result while oscillating. In particular, at 
A = 1, it approaches to the analytic value l/(2n) ~ 0.1591549, as can seen in Table 1. The 
numerical result for L = 14 is in remarkably good agreement with the analytic one. 



L = 


L = 2 


L = 4 


L = 6 


L = 8 


L = 10 


L = 12 


L = 14 


0.138366 


0.149284 


0.156857 


0.157395 


0.158795 


0.158765 


0.15922 


0.159159 



Table 1: The gauge invariant overlap CV(^a.l) at A = 1 for various truncation levels of the 
analytic solution. 

The results on the gauge invariant overlap Oy(ty) for the solution ty\ give another evidence 
that 1 S r A=i is a nontrivial solution and that ty\ (— 1 < A < 1) can be gauged away to be trivial, 
and it is also consistent with the result of the vacuum energy of the solution ^ 



obtained analytically as well as numerically in [51 El [71 [TT]. 

4 Gauge Invariant Overlaps for the Numerical Solution 
in Siegel Gauge 

A numerical solution for tachyon condensation was initially obtained by Sen and Zwiebach 
with the level truncation in the Siegel gauge [T] and was improved by going to higher levels 
[31 H|. One may thus suspect that it can be gauge equivalent to the level truncated form of 
the exact solution in [5]. In this section, the gauge invariant overlap for a numerical solution 
\1/n given by [H [31 H] will be calculated to compare with the results for Schnabl's solution \1/a 
in the previous section. 

In order to obtain the numerical solution i n the level (L, 2L) and (L, 3L) approxima- 
tions, following [U El H] , one needs to expand an open string field in terms of the usual Fock 
states and truncate it up to the Lo-level L with the assumption that it is Lorentz scalar and 
twist even with zero momentum. Substituting it into the action and keeping the interaction 




(3.48) 
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terms up to the total L -level 2L and 3L in the level (L, 2L) and (L, 3L) approximations, 
respectively, one obtains the resulting actions for the truncated string fields, and one can find 
the stationary points \1/n,(l,2L) and \I/n,(l,3L) of them in the level (L, 2L) and (L,3L) approx- 
imations, respectively. In fact, we have confirmed that the vacuum energies of them are in 
agreement with the previous results in [H EJ E] . 

Let us now consider the gauge invariant overlaps for the numerical solutions ^/n,(l,2L) and 
^n,(l,3-L) with the on-shell closed string tachyon and dilaton states. In the Siegel gauge, an 
open string field can be expanded up to the level 4 as 

* = t ci |0) + ti (a_i • a_i)c! |0) + t 2 6_iC_iCi |0) + t 3 (a_i • a_i)(a_ 1 ■ a.-\)ci |0) 
+t 4 (a_ 2 • a- 2 )ci |0) + t 5 (a_i ■ a_ 3 )ci |0) + t e (a_i ■ a_i)6_ic_iCi |0) 
+t 7 6_ic_ 3 c! |0) + t 8 6_ 2 c_ 2Cl |0) + £ 9 6_ 3 c_i Cl |0) + • • ■ , (4.1) 

where denotes component fields. Using the oscillator expressions of the on-shell closed string 
states in appendix [K\ one obtains the gauge invariant overlap for the tachyon as 

O fc (tt) = -t - \u - ~t 2 - 10 1 3 - 13 U + 8 1 5 + | i 6 + i t 8 + • • • , (4.2) 

and for the dilaton as 

0„(*) = - 1 - 2 *i - 4*2 - 266 1 3 - 141 1 4 + 72 1 5 + - 1 6 + i t 8 + ■ ■ ■ . (4.3) 

Plugging the stationary points ^n,(l,2L) and ^n,(l,3L) for the component fields ti into (14.21) and 
(14.31) . one finds the results in Table 2. Note that the results for the tachyon should be identical 
to the one for the dilaton at each of the level approximations, with the proper normalization 
for the closed string states in appendix [D] This has the same reason as what was already 
discussed in the previous section [3721 In fact, the numerical solution \I/n can also be given by 
a linear combination of states which are the vacuum |0) on which only the matter Virasoro 
operators and the ghost oscillators act. The matter Virasoro operators acting on 
|0) can be given by a linear combination of the operators acting on |0). The on-shell 

closed string states are eigenstates of Kn and have the same eigenvalue. Furthermore, their 
ghost parts don't depend on which closed string state one chooses. Therefore, up to the overall 
normalization, their gauge invariant overlaps should be the same. 



L 


L = 


L = 2 


L = 4 


L = 6 


L = 8 


L = 10 


Ok/ v (^N,{L,2L)) 


0.114044 


0.139790 


0.147931 


0.151225 


0.152887 


0.154029 


Ok/ v (^N,{L,3L)) 


0.114044 


0.141626 


0.148325 


0.151369 


0.152976 


0.154080 



Table 2: The gauge invariant overlap Ok/ v {^N) for the numerical tachyon vacuum solution in 
the Siegel gauge. 

One can see from Table 2 that the value of the gauge invariant overlaps approaches to 
l/(27r) as the level increases, as in the case of the Schnabl's solution ^a=i- The best ap- 
proximation (10,30) for the overlap gives 97% of l/(27r). In addition to the matching of the 
D-brane tension, this result gives another evidence for the gauge equivalence of \Pn with \&a=i- 
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5 Gauge Invariant Overlaps for the Marginal Solution 



As alternative exact classical solutions to the equation of motion of open string field theory, 
marginal solutions for nonsingular currents [T8l [T9| [23] are known (for marginal solutions with 
singular currents, see [Ml [25} [26]), and it turns out that the gauge invariant overlaps for it 
can explicitly be evaluated similarly to §3.11 In this section, it will indeed be done. 

Let us consider the marginal solution f ' a, ^(A m ^ m ), which can be obtained from the BRST 
invariant and nilpotent string field ip m = Ui5J(0)\0) with a nonsingular marginal current J 
[23] as 

* (a,/J) (A m ^a) = Pa * ' — ? — — * A m ^ m * = Krt^n , (5.1) 

where P a = U a+ i\0), Aw = | J Q 7 daBfP a , and each term on the right hand side yields 

-/ 7T 



= U a+p+1 cJ{-(P-a)\\0), (5.2) 
ipm,k+i = (-tt) / dn--- dr k U 7 ( fc)+1 1 f J(x (k) 



( 7T\k f a+ P f a+P - -A- ~ 

V 2/ / rfr i"'/ dr k U jW+ i [I J(a 

*/ */ m n 

n |0>, (5-3) 



m 

m=0 

-ise(4 fc) )c(4 fc) ) + i(g(4 fc) ) + £(4 fe) )) 

where the constants 7^ and the arguments iS' are given by 

7 W = a + /5 + ^ n , zW = £( 7 M-2a-2$>). (5-4) 
1=1 ^ z=i ' 

The inner product of $v,m in (13 . 1 3[) with the marginal solution i/j m ,n can be computed in the 
same way as the one done in (I3.24p to yield 

(<!V,M, VVl) = (ft$V,M * ^m,l) = Wm.l * $V,m) = Cj^fc , (5-5) 

($y,M, ^m,k+l) = (Z\®V,M * ^m,k+l) = (I\lpm,k+1 * $V,Af) 
ra+f3 r a+P / \ fe 

*i"7 C? +1 »C£ +1 », (5.6) 



o V7 



where 



cj'»-Ea.^.(^ ± i)^(^ ± f)i(f4)i.w, M 
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coming form the matter sector and 

Cfc = - sinh (cosh — cos -J , (5.9) 



/fec 2 ~ a + (3 V a + (3 a + /3, 

AM , 4M 7r(a + /3) ir(a-P) 2M 2vr(a + /3)\ 
cosh — ttt sin ttt — cos ttt 1 sin --: (5.10) 

from the ghost sector. 

Let us now be more specific by choosing the nonsingular current J = idX + , which is the 
light-cone direction, for the marginal solution $' Q, ' 5 '(A m t/' m ) and consider the closed string state 
(mnV m (i)V n (— i) = ( mn dX m (i)dX n (— i). Note that there are no constraints on the polarization 
Cmni since it carries no momentum due to the fact that the marginal solution also carries no 
momentum. By a nonsingular current, we mean that the OPE J(y)J(z) has no singularities 
as y — > z. Since, in order for the specific solution with J = idX + to give the nonvanishing 
Cj, one needs the same number of X" as the one of J, one can see that only C^p can be 

nonzero for the closed string state with £ ^ 0. As for Cj , since V m ~ dX m and J = idX + 

are both primary fields of conformal dimension one, their OPE gives 

V m (y)J(z) ~ - lm,J ,„ + finite, for y -> z. (5.11) 

(y - zy 

Therefore, it follows from ( 15. 8ft for k = 1 that 

Cj ^ = mat(0|0)mat ^ ^ Cmn v m, J v n, J 



(cos ^ _ cos "J^l cosh ™y - (sin ^ sinh 



(5.12) 



and thus for large M 



cos ^ _ cos cosh ffl* + (sin ^) sinh jm )2 ) 

Cf ~ ('8 mat (0|0) mat ^C m n^,j^,jV^cos^^ T ^. (5.13) 



On the other hand, the corresponding ghost contribution in (<&£, VV2) cancels the above 
exponential factor in (I5.13p . because, for large M, 

OS ~ ■ (5-14) 

Combining them, one obtains 

($C>^m,2) = lim (®t,M,1pm,2) 
M— >oo 

-iTT, m /nlft . . [ a+ P ( 2 \ 2 2vr(a + /5) 



-%TT r 



a 



jv n j I dr\ COS 

^ Jo \a + p + rj a + p + r 

m,n ' 
_^ pi j 2yj- 

(0\0) ma , t y2( mn v mjJ v n>J dx — cos . (5.15) 
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By performing the integration over x, one can see that it is zero, i.e., (<&£, ^m, 2 ) = 0. Therefore, 
one finds that the gauge invariant overlap for the marginal solution 

oo 

( (V^\\j m )) = Yl A m(^> = A m( $ C^' ^m,2> = . (5.16) 



71=1 



Incidentally, the action for the marginal solution (15. ip hasn't explicitly been computed 
yet. However, in order to interpret the solution physically, it is worth computing. In fact, 
substituting (15. ip into the action, one obtains 

S[¥^\xJ m )} = ± £ ^ l+m+3 S ( ^\ (5.17) 

^ k,lm,>0 

where 

s£f = (-i) fe+ ' +m (x|(^ m A^))^ . 

(5.18) 

Recalling that A™ = f daB^U a+1 \0), one finds that 

drvj Q dr k+l+m {-^ cy*C<™, (5.19) 



where 

Cf m) = mat (0| ; [ J{xf m) ) ] [ J(yW>) ] [ J(C m) )|0) ma t , (5.20) 



k I 



31=0 j' 2 =0 j 3 =0 

6c ^(fcZm) I &1U 7 (fcim) J I &1U ^(klm) 

2n(a + (3 + r,-) , 2vr(a + /5 + r< 



along with 



k+l+m j k+l+m 

7 (Hm) = 3(a + /3) + £ r, , of m) = j(2(a + 0) - £ r % + £ r 4 ) , (5.22) 

j=l i=l i=J+l 

j+k k+l+m j+k+l k+l+m 

0j""> = ^(-£,,+ £ '0, #' m) = J(-2(a + ^)- $> + £ ri ). 

Since, for the matter current J = idX + , there is no X~ inserted in the correlator (I5.20p . 
Cf m) must be zero. One can thus find that 

S[^\\ m ^ m )} = . (5.23) 

It is known [23] that the marginal solution (15.11) with J = idX + can be put in the form of 
pure gauge, naively. In fact, since both of the gauge invariant overlap (15.161) and the action 
(I5.23P for the solution (15.11) are vanishing, our results are consistent with it. 



19 



6 Discussions 



In this paper, the gauge invariant overlaps for the three solutions; Schnabl's solution [5], the 
level truncated solution in the Siegel gauge [H El E], and the marginal solution [HI [OH 123] . 
have been computed to give the expected results; non-zero values for the first two solutions 
and zero for the last one. 

The vacuum energy for Schnabl's solution with A = 1 gives the correct D-brane tension 
and provides an important evidence for Sen's conjecture on tachyon condensation. Although 
x with any A is a classical solution to the equation of motion, all the solutions except for the 
one with A = 1 can be gauged away to be trivial. Therefore, in addition to the vacuum energy, 
the results in this paper give another evidence that the Schnabl's solution ty\ is nontrivial 
only for A = 1. In particular, it has been confirmed analytically and numerically. 

Furthermore, our results for the level truncated solution in the Siegel gauge [H El E] give 
another evidence that it may be a gauge equivalent to Schnabl's solution. The gauge invariant 
overlaps give other gauge invariant observables than the action itself and can distinguish gauge 
inequivalent solutions. Therefore, the results in this paper yield an interesting match between 
the two solutions. 

Although the gauge invariant overlaps for the three solutions were computed in this paper, 
the physical meaning of them is quite obscure. The gauge invariant overlaps were originally 
introduced to give the coupling of an on-shell closed string state with open string fields in 
open string field theory [12]. Therefore, the closed string state plays a role of the source term 
for a dynamical open string field. The gauge invariant overlaps thus seem the couplings of the 
on-shell closed string states with the classical solutions, or in other words a kind of the back 
reaction of the classical solutions to the closed string sector. Anyhow, it would be interesting 
to make it clearer. 

Note added: after writing up the manuscript, we are aware of a paper [31] appearing on 
the arXiv, whose results have substantial overlap with ours. 

Acknowledgments 

We are indebted to Taichiro Kugo for collaboration at the early stages of this work and 
sharing his insight with us on the work. I. K. would like to thank Seiji Terashima for valuable 
discussions. The work of T. K. was supported in part by a Grant-in-Aid (#19540268) from 
the MEXT of Japan. The work of I. K. was supported in part by the Special Postdoctoral 
Researchers Program at RIKEN and Grant-in-Aid for Young Scientists (#19740155) from the 
MEXT of Japan. The work of T. T. was supported in part by a Grant-in-Aid for Young 
Scientists (#18740152) from the MEXT of Japan. The level truncation calculations based 
on Mathematica were carried out partly on the computer sushiki at Yukawa Institute for 
Theoretical Physics in Kyoto University. 



20 



A Oscillator Expressions for the On-shell Closed Tachyon 
and Dilaton States 



A simple example of on-shell closed string states in the open string Hilbert space is the tachyon 
state and its oscillator expression is given [13] by 



Em 



- (_!)« 
- > — — a-n • a 

n=l 



n n 



^ 2ix/2^(-l) n , 

2 4 : kiOL 



n=l 



2n-l 



«'- t -2n+l > 



^ gh = J2(-iyc_ n b_ n 



(A.l) 
(A.2) 

(A.3) 



where we set the momentum along the Neumann direction (/x = 0, 1, • • • ,p) to be zero. The 
string coordinates along the Dirichlet direction X l (z,z) (z = p + 1, ...,25) are given by 

A:*(z, z) = (X(z) - X(z)Y/2 with 



Al 



^'a™ log z + iV2rt 



-v 1 



n 



[ag, a%] = n5 n+m , oV MN , [x M , of] = z^r^ • 
In fact, (lA.ip is obtained by acting 



^(z) = -c(z)c(-z):e ifc - x ^: 



(A.4) 
(A.5) 

(A.6) 



on the identity state |X) 

Vk(i)\l) 



hm c(e ie )c(e- ie ):e ifc X ( eW ^ 8 ):|J) 



z hm c(e i9 ) : e^ x ^\ c(e" ie ) : e^-*^: | J) = $ fc , 



where we have used the formulae 



| J) = e Sr,m+^,«h| ) , 

1 

2 



1A(-1 



n=l 



n 



n n j 



-(2n+l) , 



(A.7) 

(A.8) 
(A.9) 

(A.10) 



n=l 



n=l 



^x,gh = ^T(-l) n c_ n &_„ - 2c ^(-l) n &_ 2n - ( Cl - c_0 

n=2 

oo 

oo 

|J), (A.11) 



1 l + 2cos2# 

zc tan# + ci- + c_i — — 

2 cos 2 cos fc> 

oo 

+ 2 ^^(c_ 2n z sin 2n# + c_ 2n -i cos(2n + 1)0) 



n=l 
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and the on-shell condition a'k 2 = 4. By a straightforward calculation, one finds that 

oo 

Q B \$ k ) = 4(a'fc 2 -4)^(-ir mc _ 2m |$ fc ), (A.12) 



»i=i 



which vanishes for a'k 2 = 4. The on-shell condition guarantees that the conformal dimension 
of : e ±2 k ' x ( ±l ); is one. 

In (1A.7I) . we have introduced 9 to make the computation well-defined because there are 
subtleties concerned with the divergence at the point z = i (or 9 = it/ 2). The regularization 
parameter 9 corresponds to M in the sliver frame introduced in (I3.13p . They are related as 
tan(#/2) = tanhM which follows from (13.111) . If we use the CFT expression H 2 . 3 f) . we can 
avoid the subtleties, which are related to the conformal factor. 

The massless closed string state with zero momentum takes 

V Q {i) = ' Yl tMNc{i)dX M {i)c{-i)dX N {-i) . (A.13) 

^ > M,N 

In the same way as (IA.7I) . one can compute the oscillator expression for V^{i)\T) as 

Vdm = ^^(MN\™c(e* d )dX M (e w )^ (A.14) 

Using the formula 



52a'i 



dX M (e l0 )dX N (e~ ie )\T) = -2a' 



J2 «-n«-m(e" ine " (-l) n e ine )(e irn6 - (-1)V ! 

n,m=l 



oo 



| J), (A.15) 



+ V MN J2n(e- 2md - (-l) n : 

n=l 

and defining the summation in the last line as 

oo oo 

J2n(e- 2ine - (-1)") = f(9) - /(tt/2) , f(0) = ^Tne" 2 ^ , (A.16) 

n=l n=l 

with the regularization 



oo 

f {l » = ta^-*--- , (A.17) 

n=l 

one obtains 

$ c = ±{ MN I -n MN - 4 J2 i m - n mna\a N _ n ) e^ + ^c oCl |0>, (A.18) 
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n,m=l 
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where 



tollM = --, (A.19) 

e^* (cos9) 2 4' v ; 



was used. 



In above formula, Ej >m and E gh are given by f)A.9j) and flA.31) . respectively. The result of 
the calculations 



oc 



Q B ^- n ^«- m «-n^ m+Sgh co Cl |0) =r / MAr ^(-l) fc+1 A;c_ 2fc e^- + ^ C oc 1 |0), 

\n,m=l / fc=l 

(A.20) 

oo 

g Be ^. m +s ghCoCi | ) = _i 6 Y^(-l) k kc_ 2k e E ^ +E ^c oCl \0) , (A.21) 

fc=i 

makes sure its BRST invariance QbI^c) — 0, which justifies our prescription in (IA.170 . In 
particular, one obtains the dilaton state with zero momentum 

% = g^Tc(<)c(-<)ax(i).ax(-t)|2) 

1 2 (m — n)n \ w , w . . , . . 

- - — 22 mncos — Y^ a ~ m ' a ~ n i e ^^l ) ( A - 22 ) 

n,m=l 



by taking C M7V = r} MN . 



B The Shapiro-Thorn Vertex and Closed String States 



We begin with a brief review on the Shapiro-Thorn 7 vertex in [20], which is defined with 
the conformal maps hi(w) = —i(w — l)/(w + 1) and h,2{w) = (w — l/w)/2 by the CFT 
correlator on the upper half plane as (7(l c , 2)|0 c )i c |^) 2 = (hi[(p c (0, O)]/^^^)]) by using the 
LPP method [27], as in (12.81) . The holomorphic function h\{w) for a closed string l c is a map 
from the unit disk to the upper half plane, which satisfies /ii(0) = i. The function h,2(w) 
for an open string 2 is a map from the half unit disk to the upper half plane, which satisfies 
h,2{w) = I o fx(w). I(z) = —1/z is the inversion map and the function fx(w) defines the 
identity state. If one regards the holomorphic and anti-holomorphic part in the closed string 
sector l c as two open string sectors, 1,1*, one can construct (7(l c ,2)| as a vertex for three 
open strings. The conformal map for 1* is then given by hi*(w) = i(w — l)/(w + 1). 

By taking the doubling trick and inserting the BRST charge as the contour integral of the 
BRST current § 3b(z) m the correlator, one can see the BRST invariance (12.1 2p of {^( l c , 2) | 
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as 



(7(i c ,2)|(g( 3 1) + g« + gi 3 2) )|0 c ) 1 j^) 2 = {j+ j_ +/ ) ^Ob(*)M&(o,o)]MiKo)]> 

— ObW^[0c(O, 0)1^^(0)]) = (B.l) 
for any C , '0. 

One can use (^y(l c , 2) | to define a gauge invariant overlap Ov(&) by (7(l c , 2)|V^)i c | 1 3/)2 as 
in (12.101) with V c (z, z), which is BRST invariant and a primary field of conformal dimension 
(0,0) and the ghost number two. 

The relation (12. 6p can be shown as follows. With a formal expression \R(3, 2)) = J2 r \ < t ) r)?\ ( i ) r)2 
of the reflector with a complete set of the Hilbert space with <f) s ) = 5 r<s , Oyi^J * <p) can be 
computed in the same way as in |28pl to yield 



O v (ij*<p) = (7(l c , 2)|K>i c (^ 3 (3, 4, 5)1^(3, 2)) |^)4|^)5 

= ^(y 3 (3,4,5)|0 r } 3 |V)4|^5(T(lc,2)|K}i c |0 r c )2 

r 

= E^i (3) ^(°)]^ 3) [^(o)]/f mo)]) (/ o^^o)]/^^]) 

r 

*i / 3 (3) [^(0)] F l o fi%{0)] F 2 o / o hi[V c (0, 0)]^ 
1>{0)I[<p(p)]K-} 2 0^0/0^^(0,0)]) . (B.2) 



Using TZ w j 2 F2 I h\(0) = i and the condition that V c (z, z) is a primary field of conformal 
dimension (0,0), one obtains 

O v {^ * <p) = (^(0) %(0)] V c {i, -i)) = (<p(0) J[^(0)] V c (i, -i)) = O v {f * rj;) . (B.3) 

Note that d(1Z~, 2 o F 2 o I o ^i)(0) = 00, which implies that Oy{^\) * if) is not well-defined, if 
V c (z, z) has nonzero conformal dimension, because of its conformal factor. 

It may be useful to give the explicit form of the vertex (7(l c , 2)| in terms of the oscillators. 
From the three maps hi, hi*, h 2 , one can compute the Neumann coefficients as 

nm J Ltxi J ziti {h r {w r ) — h s {w s )) z 

iV n0 - l\ 0n - n j> ^ KM _ h ^ Q) , [n > 1), (B.5) 

N r ° = \og\h r (0)-h s (0)\, (r^s), NZ = log | /£(()) |, (B.6) 

2 Here, ( V3 (3, 4, 5) | is the 3-string vertex which is defined by the three maps fi2 3( z )- Fi and F 2 given 
in [28] are the re-smoothing maps for the gluing procedure. Tt~j 2 is the inverse of 'R- n /2{ z ) = F\o (z) — 



(z + l)/(-z + l). T/ 
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for the matter sector and also N^™ m , M r im as 



M *» = I^WVlWP, (i= -1,0,1, n>-l). (B.7) 
for the ghost sector [23. Using the relation 

i,i*,2<3i n ( e e m - & - 

i=— 1 \ r rn> — 1 

= (detil^O 1>1%2 (l|exp ( E £ ^((M^r^M^M ) (B.8) 

^ ' \r,s,i m>0 / 

in the ghost sector, where (l|ci = (3| = (0|c_iCoCi, one obtains the explicit form of the vertex 
(7(l c ,2)| as 



4 7 (2tt) 26 J (2vr) 26 7 (2tt) 26 
x i c (pi;Pi|c-iCoc_iCo 2 (P2|c_ic e £;(lc ' 2) , (B.9) 

where 

£(l c , 2) = a?> ■ a< 2) log2 - £ h-i'M' + i n ^)-a^ - + 

n=l n=l 

2 z — ' n z — ' n A — ' m 

n=l n=l n,m=l 

00 

- E ((-irW + « } + w + - cW)(^ - sf 3 )) 

n=l 

oo oo ✓ 

- E E ^(-^"(d - ^ + Ai 1 ') (b.io) 

m=l ri=0 

and the coefficients 77^ are given by the generating function 

' n=0 

Here, as our convention p r , = ctg / y/2a', and we regard dip > ^0 as independent modes with 
the normalization i c (pi;pi|f4;Pi)i c = (2vr) 26 5 26 (p! — p' 1 )(27r) 26 5 26 (pi —pi) for the matter zero 
modes in the closed string sector. 



25 



The mapping of a closed string state |$ c ) in the closed string Hilbert space by l c , 2) | 
( IB. 91) gives the state (7(l c , 2)|$ c )i c in the open string Hilbert space. In particular, (j(l c , 2)|$ c )i c 
is BRST invariant if |<3> c ) is so thanks to (12.121) . In the following, we will explicitly see a few 
examples of the images by the map |$ c ) i— > ( 7 (l c , 2)|$ c )i c . 

Closed tachyon state In the closed string Hilbert space, the closed tachyon state is 

|*(Wb)> = c^ijf 12,^ /2);{jf 12,-^/2)) (B.12) 

where T-dual transformation is taken for the directions of k l . Namely, it corresponds to 
c(z)c(z) : eip^iz^+ikiX^z) . with x^{z,z) = {X"(z) + X"(z))/2 (ji = 0,1, ■•■ ,p) and 
X'faz) = (X i (z)-X i (z))/2 (i = p+l,--- ,25). The BRST invariance (Qb + Qb)|$(m)> = 
is satisfied by the mass shell condition: p 2 + k 2 = 4/a'. By contracting with (7(l c , 2)|, we get 

( 7 (l c ,2)|$ (M) ) lc = \ 2 {{-^Mc-iC e E i +E ^ k \ (B.13) 

E t = -£(-l) n (^a n -a n + c n b n \ , (B.14) 

n=l ^ ' 

E(p,k) = 2^ log 2 - ^' { ~ l)n pA - J2 2i ^}_~ ir kioLw, (B.15) 



which is equal to the tachyon state (T;p,k\ in open string Hilbert space given in [13J. By 
taking p^ = and BPZ conjugation, we reproduce (1A.1I) : 

( 7 (l c ,2)|$ (0 , fc) ) lc | J R(2,3)) = |$ fc ) 3 . (B.16) 

Closed massless state In the closed string Hilbert space, closed massless state with polar- 
ization (mn is 

I$C,<p,*)> = -^a-ia-iCiCi|(p/2,A;/2);(p/2,-A;/2))C^- (B.17) 
The condition for the BRST invariance: (Qb + Qb)\^c,(p^)) = is 

p 2 + A; 2 = 0, p^N + kXm^O, CuuP u -CMjk j = 0. (B.18) 
The image of ( 7 (l c ,2)| is computed as 

(7(l c , 2)|$c, (M) ) lc = i 2 <(-p", 0)|c_ lC oe^ + ^ fc ) Q^Cmat - 4E M E N (, 



,MN 



a' 



+V2^p»E N (^ N + V2dp u E M ( Mu - -p^Cvv) , (B.19) 

oo oo 

E M = J2 r n n«f , E N = * n na^ , (B.20) 

n=l n=l 
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where Ej and E(p, k) are given in (IB. 14[) and (IB. 151) . The BPZ conjugation of the above with 
(jf = 0,k* = 0) yields (TATL8]) : 

(7(l c ,2)|$ Ci( o,o))i c |i?(2,3)) = |$ c } 3 . (B.21) 

For nonzero momentum, the conditions in (IB. 181) cannot be satisfied for ( MN = r] MN . Instead 
of flRTTD . we define 

|$ A(Pjfc) ) = (a_ 1 -a_ 1 c 1 c 1 -(c_ 1 c 1 -c„ 1 c 1 ))\(p/2,k/2y,(p/2,-k/2)) (B.22) 

and then it becomes BRST invariant by the massless condition: p 2 + k 2 = 0. However, its 
image with massless momentum in the open string Hilbert space: (7(l c , 2)|$d,( p ,A;))i c |-R(2, 3)), 
which is BRST invariant, might not define a gauge invariant because it includes non-primary 
part d 2 cc — d 2 cc in the closed string side. 



In the following, we derive eigenvalues of the on-shell closed string states for K n = L n — 
(— l) n L_ n mentioned in §21 through the open-closed string vertex (7(l c , 2)|. Let us consider the 
CFT correlator on z-plane, where each local unit disks are mapped by z = h r (w r ) (r = 1, 1*, 2). 
We define a 1-form u n on z-plane by 

Un " 2% T0m T{z) ' ^"-(-1)^-"), (B.23) 

where h^i^z) is the inverse map of ^2(^2) = I fi{w2)- Using the explicit form of h^i^z) = 
z + \J z 2 + 1, o; n can be rewritten as 

u; n = ^(l + ^jTW, (B.24) 
2ni 

[{n-l)/2\ 

™ - E (a+1)!( 2 ;_ a _ 1)! ^'- 1 ^^)'. (B-25) 



«=0 



where [(n — 1)/2] is (n — 1)/2 for odd n and n/2 — 1 for even n. Because P n (z) is a polynomial, 
w n is regular except for z = hi(0) = i, z = hx*(0) = —i and z = h 2 (0) = 00, where some 
fields, which correspond to closed and open string states, are inserted in the correlator. As 
in [29], we deform a contour, which gives trivial result § u n = in the correlator, to encircle 
each origin of local coordinates w r (r — 1, 1*, 2) and get a relation: 

= ( 7 (l c ,2)| Yl <f w «- ( R26 ) 

Noting a transformation law of the energy momentum tensor: 

T(z) = (h' r (w r ))- 2 (T {r) (w r ) - ^S(h r (w r ),w r )^j , (B.27) 

where c is the central charge of the associated Virasoro algebra and S(z, w) is the Schwarzian 
derivative defined by S(f(z), z) = 77^7 — § (77^) > we can com P u te the right hand side of 
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(IB.26p . Using S^/i^u^), w 2 ) = 6(1 + iw|) 2 , the residue around w 2 = 0, i.e., open string side, 
is computed as 

(t(1 c ,2)|/ ^ 2m _! = (7(l c ,2)|^i, (B.28) 

>/ Ul2=0 

(7(lc,2)|/ a; 2m = ( 7 (lc,2)|(4S-(-irW2). (B.29) 

•/ 102=0 

In the closed string side, we can evaluate the residue as 

(7(l c ,2)|/ ^. = (7(10,2)1(4™"^ + ^/^^], (B.30) 

(7(lc,2)|/ = ( 7 (l c , 2)| ( in(-i) n L^ + £ U^l 1) , (B.31) 

J W*=0 \ fc=2 / 

where use has been made of hi(0) = i, 7^ and the coefficients are determined by 
the expansion 

1 X! 1 ^ 2 P n (h 1 (w 1 )) = 4m^ 1 + YV n ,, fc < (B.32) 
Therefore, from (IF3.26[) . we obtain the relations on the vertex (^y (l c , 2) | : 

(00 
K®_ x - 4(2m-l)z(-l)-(L 1) - Z X) ) +^(/ 2m _ 1 , fc 4 1 2 1 + / 2m _ 1 , fc L« 1 
fc=2 

(B.33) 

= <7(lc 2)| (-l)-m^ + 8m(-l) m (4 1) + Z( 1) ) +^2^1, + ■ 

^ k=2 ' 

(B.34) 

Using the above formulae and noting that K n is BPZ odd, we can derive the eigenvalue of the 
closed string state in the open string Hilbert space mapped from a (h, /i)-primary state \h, h) 
in the closed string Hilbert space: 

^£Li«7(lc,2)|/i,^> lc |i2(2,3)» = -(^(lc^)!!^!^,^,,,)!^^)) 

= -4(2m - m-l) m (h - /i)< 7 (l c , 2)\h, h) lc \R(2 } 3)) , (B.35) 

ifS«7(lc, 2)|/., h) u \R(2, 3))) = -«7(1 CJ 2)1^^, h) u )\R{2, 3)) 

= (-l) m m(8(/i + h) - c/2)( 7 (l c , 2)|/i, fc) le |i2(2, 3)) . (B.36) 

In particular, for c = 0, h — h — 0, the above relations yield (12.131) . By taking the energy 
momentum tensor in the matter sector, we have (I2.15P with c = 26 and h — h — 1. For the 
energy momentum tensor in the ghost sector, we have (12.161) with c = —26 and h — h — — 1. 
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In this section, we have used the Shapiro-Thorn's vertex (7(l c , 2)| for an explicit example. 
However, it is not unique open-closed string vertex in order to get the gauge invariant overlap 
Oy(ty) (12. lOp in open string field theory because we assume that V c (z,z) is a primary field 
with dimension (0,0). Actually, we can take other map in the closed string side such as 
/^(O) = i, h[(0) ^ in the definition of the vertex @HD to construct O v (V). 



C Lg-Level Truncation Expansion of ip T 



Let us investigate the L -level truncation of ip r (13 .4[) because Schnabl's solution \1>a in [5] is 
made of ip r and its derivative with respect to r. By moving Co, Bo to the right in ip r -2, one 
gets 



V> r -2 = ~U} (-Blc{-~Z r )c{~Z r ) + C{-Z r ) + C{z r )) |0) 
71 \7T / 



?r(r - 2) 
2r ' 



(c.i; 



The state \Xr-2) is given by removing the Virasoro operator U}, as \Xr-2) = (U%) 1 l^r-2) • 
Then, it should be expanded in terms of the ordinary oscillators for the 6c-ghosts as 



\Xr 



Noting the relations 



-2) = ft> c -pl°) + 9 9s;p, q b-sC- p C- q \0) . 



(C.2) 



p>-i 



5>2 p,q>-l 



\c-ic Q cibpC- p/ \0) = 5 PtP < , (Olc-iCoCi&pfr-s/C-p/C-^O) = 



(C.3) 



(Q\c-iCoCib q b p c a b- s ,C- p ,C- q i\Q) = 25 s s ,5 p p ,5 q q } , (0\c^ic cib q b p c s c_ p/ \0) = 0, (C.4) 



{bp, d{z) } = (sin 2z) (tan z) p /2 , Sj = b Q + 



2(-l 



ife+i 



k=l 



Ak 2 - 1 



-2k 



(C.5) 



{p, q,p', q' > —1, s, s' > 2) in the ghost sector, one can compute the coefficients in the expan- 
sion of IXr-2): 



g p = (0|c_ic ci6 p |xr-2) = — (1 - (-l) p )(sin2^)(tanz r ) p 

Zix 



1 sin 2z r 

2tt 



ls\p,q 



(0|c_iC Ci6 (? 6 p C s |Xr-2) 

(1 + (-l) s )r (-l)f +1 



sin22 r ) 2 ((-l) 9 - (-l) p )(tanz r 



5 \p+i 



An 2 s 2 - 1 

The operator U}. = (2/r) £ « with C\ = Lo + YlkLi ^4p^T ^-2k, can be rewritten as 



ul 



. . e U4{r)L-4, e u 2 (r)L-2 



L 



n 



D u 2k {r)L_2k 



2\ L ° 
r J 



(C.6) 
(C.7) 



(C.8) 
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Noting that U r is denned by the conformal map F r (z) = tan ((2/r) arctanz) for the wedge 
state, the coefficients U2k(j) (k — 1, 2, • • • ) are determined to be 



u 2 (r) 
u 2 k(r) 

F r (z) 

fn,t( Z ) 



1 d 3 ~, 
3! d? F '<* 



2 = 

d 2k+l 



( r + 2)( r -2) 
3r 2 



( 2 fc _|_ iy dz 2k+lf 2k - 2 - u 2k-2(r)° ■ ■ ■ °/4-«4(r)°/2 -u 2 (r)°F r (z] 

(k > 2) 



2 = 



-FJz) = -tan ( -arctanz 



(1 - tnz n y/ n ' 

Using the above formulae, VV-2 can be expressed in terms of the L -level as 

1 



(C.9) 

(CIO) 
(C.ll) 

(C.12) 



r-2 



n 



,k=l, 

r 



2tt 2 



D u 2k (r)L_ 2k 



sin v) E 



s>2;s:even 



2tt 




sin — 





r 




(-1) 


f+i 


s 2 - 


- 1 



r 2tt\ 
— sin — 
2vr r / 

s 

E (- 

p,q> — l;p+q:odd 



p> — l;p:odd 



p+q 



l) 9 (-cot-) &_ s c_ p c_ 9 |0) 



Note that L_2n in this formula is the total Virasoro operator, which includes both of the 
matter and the ghost sector. For large N, i/)n behaves as 



1 4tt 2 



^8 

+ 7V33 



TJ e "2fc(°o)L_2fe 

jfc=l,*- 

oo 

n 

fc=i,<- 



p> — l;p:odd ' 



(C.14) 



?u 2k (oo)L_ 2k 



E 



J p,9> — l;p+<?:odd 



7T 



P+9 



6_ 2 c„ p c_ g |0) + C(iV- 



Here, the coefficients it2fe(oo) (/c = 1, 2, • • • ), which defines the sliver state, are finite. Therefore, 
ip N behaves as N~ 3 — > (N — > oo) as long as one considers the inner product between ip N 
and any ordinary Fock state. In this sense, the phantom term ipN+i in the expression (13. 8p of 
^a=i can be ignored in the Lo-level truncation. 



D Equivalence of Gauge Invariant Overlaps for a Clas- 
sical Solution in the Universal Fock Space 

In this appendix, we will prove the equivalence of the gauge invariant overlaps for the classical 
solution in the universal Fock space. In particular, we will consider the gauge invariant overlaps 
of the closed string tachyon and dilaton states. However, we can easily generalize this proof 
to any other closed string state. 
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For this purpose, we will consider an open string field of the form \l/ un i v = J2T=o ^ L with 



^ = }^ ■ ■ • L -l b -h ■ ■ ■ b- jq c- kl ■ ■ ■ c. kqCl \0) 



p,q>0,n 1 >--->n p >2,jq>--->j 1 >l,kq>--->k 1 >0 
«lH hip +jiH hi;+ fc iH Vk q =L 



(D.l) 



where is the matter Virasoro operator and the coefficients C^j-. k . are arbitrary constants. 
Namely, the matter part of \l/ un iv is expressed by the Virasoro operator only and is the 
L -level L sector of \l/ un i v . Schnabl's solution ty\ has the same structure as one can see from 
(IC.13P and (13.61) . For the tachyon state in flA.lh and the massless state with zero 
momentum in (1A. 18[) . we will prove the equality 

^MNV MN ^L^k) = (^,$ f >> (^ = 0,1,2,-..) (D.2) 

which implies that 

(*k,*\,L) = (*t,,*\,l) (D.3) 

for the case ^ univ = \1>a and (mn = Vmn- 

We denote the matter part of and as & k and respectively. Because the ghost 
part of them is the same, which is given by e Bgh coCi|0) g h, flD.21) is equivalent to 

^Cmnv^^oIl^ ■ ■ ■4T ) l$i m) ) = **(o\l<£> ■ ■•4T ) l $ c m) ) • (°- 4 ) 



for any p, n\ > ■ ■ ■ > n p > 2. Using the explicit form of in (lA.lj) and $^ in (1A.18I) . the 
commutation relation [L^ , a^ k ] = ka^f_ k and the identities given by [30] 



K^e E ^\0) mat = -13(-l)™ne^-|0) mat , K^_ ie E ^\0} mat = , (D.5) 
ffH = 4 m) - (-1)^5 , (D.6) 
(n = 1, 2, • • • ) for the matter sector of the identity state \T) ( 1A.8I) . one obtains 

^?l$l m) ) = (4^ 2 - 13)(-l)"n|$l m )), ^|^> = 0, (D.7) 
Kg>\*M) = 3(-l)»n|*( m) ), ff£>il*?°> = 0- (D.8) 

Namely, both and $^ m ' ) are the eigenstates of the operators and have the same 

eigenvalue with the on-shell condition a'k 2 = 4 for the tachyon state. These relations are also 
expected from the argument in (1B.35I) and (IB. 361) . Hence, one finds that 

^CW*\«*<0|#M • • -KM]*™) = mat (0\K^ ■ •■K%>\*F>), (D.9) 

because the normalization is fixed by ma t(0|$[. m ^) = \ and ma t(0|$[ m ' ) ) = ^i(mnV MN ■ One c& n 
see that mat (0\L^ ■ ■ ■ Lj^ in ( 1D.4I) can be rewritten as a linear combination of ma ,t(0\Km, ■ ■ ■ 

31 



(p' < p) by using mat (0|L^ = (n = — 1, 0, 1, 2, • • • ) and the Virasoro algebra [L^\ Lm'] 
(n — m)L^ m + ^rn(n 2 — l)8 n - m . In fact, it can be proved by using the relation (0|Li m ^ 
(0\K^ m) (n > 1) and 

(o|a£J--a£^ 

= (0| fe } • • • KMkW + f^[K%\L<$]K£ ■ ■ ■ K^ + K^l ■ ■ ■ K%> 



v i=i 
+ V [K^\ [Kt\ L {m hK^ ■ ■ ■ K^} K$ ■ ■ ■ K { *f> ■ ■ ■ 

/ j L m k i L mi J —nil m r rn-k+i m k-i m i+i m i-i m i 



r>k>l>\ 



1=1 

[K^_ v ■ ■ ■ [IfH, L5] •••]]) (D.10) 
for (rrii,n > 1) recursively. Therefore, (1D.4|) is derived from (ID. 91) . 
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